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Learning and Algorithms
• Predicting good configurations /  

solvers 
(Leyton-Brown et al 2002, Hutter et al 2011, Gupta et al 2015,  
Balcan et al 2017..) 

• Predicting problem parameters 
(Amos & Kolter 2017, Wilder et al 2019, Donti et al 2019, Elmachtoub & Grigas 2020, 
Mandi & Guns 2020, Berthet et al…) 

• Machine learning oracles within a fixed algorithm  
(online algorithms, branch-and-bound,…)  
(Kraska et 2018, Balcan et al 2018, Hsu et al 2019, Gasse et al 2019, Dong et al 2020..) 

• Learning a full algorithm, Algorithm implemented  
as a neural network  
(Graves et al 2014, Kaiser & Sutskever 2015, Kurach et al 2015, Kool & Welling 2018, 
Veličković et al 2020, Karalias & Loukas 2020, Kotary et al 2021, Schuetz et al 2022,…) 

Figures: Bengio, Lodi, Provoust 2020



Learning and Algorithms
• Predicting good configurations / solvers


• Predicting problem parameters


• Machine learning oracles within a fixed algorithm  
(online algorithms, branch-and-bound,…) 


• Learning a full algorithm, Algorithm implemented as a neural network  



Today: 
Some thoughts on learning (for) algorithms

Disclaimer 
• Learning for algorithms is still a nascent field  

(“Although most of the approaches […] are still at an exploratory level of deployment […], we 
strongly believe that this is just the beginning of a new era for combinatorial optimization 
algorithms.” (Bengio et al 2020)) 

• Not the “latest & greatest” here… 
• … but some ideas to better understand ML models’ behavior



How to do learning for algorithms?
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(Gasse et al 2019)
(Selsam et al 2018, 

Yau et al 2023)

(e.g. Shafi et al 2023)

Focus here: 
Input is a graph  
with attributes



Setup: learning task
 
“graph regression” 

• Input   : graph (or set) with attributes 
(optimization instance)


• Desired output        : optimal value     

• Training data:                                with  

• Goal: find a function            that generalizes (= low “risk”)
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Other aspects: 
• learning setting 
• loss 
• constraints …
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Learning questions
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1. What functions can my 
ML model encode?

2. What training data helps 
identify the right function?

3. How do model class and 
 training procedure affect fitting  

and generalization?

4. What will the neural 
network predict on different 

data?
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Outline

• Graph Neural Networks 

• To what kinds of instances will my model generalize?  
Prediction under distribution shifts


• stability: measuring data shifts appropriately


• large shifts: understanding model behavior by decomposition 

• Beyond regression: extending set functions as loss functions for neural 
networks



 

Idea: 
1. Encode each node (node’s neighborhood): node embedding 
2. Aggregate set of node embeddings into a graph embedding

(Message passing) Graph neural networks

…

Input: graph G with node attributes                , edge attributes 
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Node embedding: message passing

 

(Merkwirth & Lengauer 2005; Scarselli et al 2009; Bruna et al 2014; Dai et al 2016; Battaglia et al., 2016; Defferrard et al., 2016; Duvenaud et al., 2015; Hamilton et al., 2017; Kearnes et al., 
2016; Kipf & Welling, 2017; Li et al., 2016; Velickovic et al., 2018; Verma & Zhang, 2018; Ying et al., 2018; Zhang et al., 2018; …)

In each round k: 
Aggregate over neighbors 

Update: Combine with current node 

feature description 
of node u in round k-1



Under review as a conference paper at ICLR 2021

In summary, we analyze how MLPs extrapolate and provide two insights: (1) MLPs cannot extrapolate
most non-linear tasks, because they quickly converge to directionally linear functions (Theorem 3);
and (2) MLPs can extrapolate well when the target function is linear, provided the training distribution
is “diverse” (Theorem 5). In the next section, these results will help us understand how more complex
networks extrapolate, specifically, GNNs for non-linear algorithmic tasks.

4 HOW GRAPH NEURAL NETWORKS EXTRAPOLATE

Above, we saw that extrapolation in non-linear tasks is hard for MLPs (Theorem 3). Despite this
limitation, GNNs have been shown to extrapolate well in some non-linear algorithmic tasks, such as
intuitive physics (Battaglia et al., 2016; Sanchez-Gonzalez et al., 2018), graph algorithms (Battaglia
et al., 2018; Velickovic et al., 2020), and symbolic mathematics (Lample & Charton, 2020). To address
this discrepancy, we build on our MLP results and study how GNNs trained by GD extrapolate.

4.1 HYPOTHESIS: LINEAR ALGORITHMIC ALIGNMENT HELPS EXTRAPOLATION

We begin with an example: training GNNs to solve the shortest path problem. For this task, prior
works observe that a modified GNN architecture with min-aggregation can generalize to graphs larger
than those in the training set (Battaglia et al., 2018; Velickovic et al., 2020):

h
(k)
u = min

v2N (u)
MLP(k)

�
h
(k�1)
u ,h

(k�1)
v ,w(v,u)

�
. (2)

We first provide an intuitive explanation (Fig 2a). Shortest path can be solved by the Bellman-Ford
(BF) algorithm (Bellman, 1958) with the following update:

d[k][u] = min
v2N (u)

d[k � 1][v] +w(v, u), (3)

where w(v, u) is the weight of edge (v, u), and d[k][u] is the shortest distance to node u within k

steps. The two equations are similar: GNNs can simulate the BF algorithm if the MLP modules learn
a linear function d[k� 1][v] +w(v, u). Since MLPs can extrapolate well in linear tasks (Theorem 5),
this “alignment” might explain why min-aggregation GNNs can extrapolate well in this task.

For comparison, we can reason why we would not expect GNNs with the more commonly used
sum-aggregation (Eqn. 1) to extrapolate well in this task. With sum-aggregation, the MLP modules
need to learn a non-linear function to simulate the BF algorithm, but Theorem 3 suggests that they
will not extrapolate for most nonlinearities outside the training support.

We can extend the above intuition to other algorithmic tasks. Many target tasks where GNNs
extrapolate well can be solved by dynamic programming (DP) (Bellman, 1966), an algorithmic
paradigm with a recursive structure similar to GNNs’ (Eqn. 1) (Xu et al., 2020).
Definition 6. Dynamic programming (DP) is a recursive procedure with updates

Answer[k][s] = DP-Update({Answer[k � 1][s0]} , s0 = 1...n), (4)

where Answer[k][s] is the solution to a sub-problem indexed by iteration k and state s, and DP-Update
is a task-specific update function that solves the sub-problem based on the previous iteration.

Building on the extrapolation behavior of MLPs, we hypothesize that: given a DP task, if we can
encode appropriate non-linearity in the model architecture and input representations so that the MLP
modules only need to learn a linear step, then GNNs can extrapolate well.
Hypothesis 7. (Linear algorithmic alignment). Let f : X ! R be an algorithm and N a neural
network with m MLP modules. Suppose there exist m linear functions {gi}mi=1 so that by replacing
N ’s MLP modules with gi’s, N simulates f . Given ✏ > 0, there exists {(xi, f(xi))}ni=1 ⇢ D ( X
so that N trained on {(xi, f(xi))}ni=1 by GD with squared loss learns f̂ with kf̂ � fk < ✏.

Our hypothesis builds on the algorithmic alignment framework of (Xu et al., 2020), which suggests
that GNNs can interpolate well if MLP modules are “aligned” to easy-to-learn (possibly non-linear)
functions. Successful extrapolation is harder: MLP modules need to align with linear functions.

To satisfy the linear algorithmic alignment assumption, we can encode appropriate non-linear oper-
ations in either the architecture or input representation (Fig. 2). The shortest path example shows

6

<latexit sha1_base64="78e8L9kx6JwevjTbV40/H0PMDd4=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqpiSi6LLoxpVUsA9oQphMJ+3QySTMo1BCF278FTcuFHHrR7jzb5y0WWjrgQuHc+7l3nvClFGpHOfbWlldW9/YLG2Vt3d29/btg8O2TLTApIUTlohuiCRhlJOWooqRbioIikNGOuHoJvc7YyIkTfiDmqTEj9GA04hipIwU2BVP6jjIxtCjHHoxUkOMWHY3renTaWBXnbozA1wmbkGqoEAzsL+8foJ1TLjCDEnZc51U+RkSimJGpmVPS5IiPEID0jOUo5hIP5s9MYUnRunDKBGmuIIz9fdEhmIpJ3FoOvMz5aKXi/95Pa2iKz+jPNWKcDxfFGkGVQLzRGCfCoIVmxiCsKDmVoiHSCCsTG5lE4K7+PIyaZ/V3Yu6c39ebVwXcZRABRyDGnDBJWiAW9AELYDBI3gGr+DNerJerHfrY966YhUzR+APrM8faeWX8A==</latexit> X

v2N (u)

Node embedding: message passing

 

In each round k: 
Aggregate over neighbors 

feature description 
of node u in round k-1

(Merkwirth & Lengauer 2005; Scarselli et al 2009; Bruna et al 2014; Dai et al 2016; Battaglia et al., 2016; Defferrard et al., 2016; Duvenaud et al., 2015; Hamilton et al., 2017; Gilmer et al 2017; 
Kearnes et al., 2016; Kipf & Welling, 2017; Li et al., 2016; Velickovic et al., 2018; Verma & Zhang, 2018; Ying et al., 2018; Zhang et al., 2018; …)



Message passing unrolled

 

In each round k: 
Aggregate over neighbors and update representation 
 

“Unrolled”: computation tree 

Structured arrangement of learnable “modules”

Agg

Agg

Agg

Agg



Outline

• Graph Neural Networks 

• To what kinds of instances will my model generalize?  
Prediction under distribution shifts


• stability: measuring data shifts appropriately


• large shifts: understanding model behavior by decomposition 

• Beyond regression: extending set functions as loss functions for neural 
networks



Graph predictions and distribution shifts

different graph size,  
graph structure, edge weights, … 
(Battagalia et al 2018, Dai et al 2018, Velickovic et al 2020)

Physical reasoning

different position, mass, number of objects



Graph predictions and distribution shifts

Neural network

Training data x

y
When may this work?



Big picture: when may extrapolation “work”?

1) Data distributions in training and test are sufficiently similar 
 

same distribution of computation trees (message passing GNNs) (Yehudai-Fetaya-Meirom-
Chechik-Maron 21) 
shared underlying structure (Levie-Huang-Bucci-Bronstein-Kutyniok 2019, Ruiz-Chamon-Ribeiro 2020, 
Keriven-Bietti-Vaiter 2020, Le & Jegelka 2023) 
 
 
--- or … --- 

2) Understand what the model “learns”, and work around that: 
restrict the model via prior knowledge 
(Xu-Zhang-Li-Du-Kawarabayashi-Jegelka 21)

…

Neural network structure,  optimization algorithm, data geometry



Graph predictions and distribution shifts

• Worst-case scenario: arbitrary predictions on unseen computation trees

“Smoother” degrading performance for small perturbations with appropriate metric on graphs?

Theorem (Yehudai et al 2021): Let  and  be finitely supported distributions on graphs, and 
 the distribution of computation trees at depth . If any graph in  contains a tree in 
, then there is a GNN with depth at most  that perfectly solves the task on  but 

has arbitrarily large error on all graphs from .

𝒫 𝒬
𝒫t, 𝒬t t 𝒬
𝒬t∖𝒫t t + 3 𝒫

𝒬



Stability and measuring perturbations:  
Tree mover’s distance
C. Chuang, S. Jegelka. Tree Mover’s Distance: Bridging Graph Metrics and Stability of Graph Neural 
Networks. NeurIPS, 2022



An appropriate metric?
• Metric should capture Lipschitz/stability properties of GNNs, including invariances 

 
 
 
 
 
 
 
 
 
 

• Message passing GNN compares sets of computation trees (subtree patterns)

• Idea: Optimal transport distance



Tree mover’s distance

• Earth mover’s distance between sets in Euclidean space: 
 
 
 
 
 
 

• Tree mover’s distance:  are trees.  
Distance between trees?

xi, xj

<latexit sha1_base64="9KfpPMy1f7K/ufsNAo4t/qO/BPc="></latexit>

�(X,Y ) = {� 2 Rn⇥m
+ | �1m = 1n; �

>1n = 1m}
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vectors
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Tree Distance via Hierarchical OT

where                                                 and                      is a depth-dependent 
weighting function.

Recursive!



Properties & implications of Tree mover’s distance

• pseudo-metric: distinguishes the same graphs as the color refinement / 
Weisfeiler-Leman algorithm and GNNs, but graded: same “invariances”!


• relation to stability of GNNs: Lipschitz constant of GNN (GIN) 
 
 
 

• use TMD in cross-domain generalization bound (Shen et al, 2018):

Target Source
Risk Risk Domain 

Discrepancy



Empirically
• comparison with Wasserstein Weisfeiler-Leman metric (Togninalli et al 2019)

1.  stability: 

 
 
 
 
 
 
 
 
 
 
 

2.  correlation with accuracy drops under domain shifts (PTC data): WWL: 0.489

TMD: 0.712

MUTAG data, 
randomly sampled pairs



Large perturbations: inductive biases
K. Xu, J. Li, M. Zhang, S. Du, K. Kawarabayashi, S. Jegelka. How Neural Networks Extrapolate: From 
Feedforward to Graph Neural Networks. ICLR, 2021.



Generalization to very different data

Physical reasoning

different position, mass, number of objects

different graph size,  
graph structure, edge weights, … 
(Battagalia et al 2018, Dai et al 2018, Velickovic et al 2020)

Neural network

Training data x

y



Big picture: when may extrapolation “work”?

1) Data distributions in training and test are sufficiently similar 
 

same distribution of computation trees (message passing GNNs) (Yehudai-Fetaya-Meirom-
Chechik-Maron 21) 
shared underlying structure (Levie et al 2019, Ruiz et al 2020, Le & Jegelka 2023) 
 
 
--- or … --- 

2) Understand what the model “learns”, and work around that: 
restrict the model via prior knowledge 
(Xu-Zhang-Li-Du-Kawarabayashi-Jegelka 21)

…

Neural network structure,  optimization algorithm, data geometry

our strategy: understand parts -> understand full model



Neural network architecture and algorithms
• Algorithm   =   structured arrangement of subroutines


• (Graph) Neural network = structured arrangement of learnable “modules” 

Bellman-Ford GNN

Algorithmic Alignment:  
Neural Network can mimic algorithm via few, easy-to-learn “modules”



Examples of Algorithmic Alignment



From understanding parts to understanding the model

• Algorithm   =   structured arrangement of subroutines


• (Graph) Neural network = structured arrangement of learnable “modules” 

Bellman-Ford GNN

Algorithmic Alignment:  
Neural Network can mimic algorithm via few, easy-to-learn “modules”



Empirically: MLP with ReLU activations
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ReLU(a) = max{0, a}



Extrapolation in fully connected ReLU networks
Neural network

Neural network

Training data

Theorem (Xu-Zhang-Li-Du-Kawarabayashi-J 21) 
Let    be a 2-layer ReLU MLP trained with Gradient Descent. Along any direction                  
  approaches a linear function: let            .  As             :                                          with 
rate            .

(Linear regions: Montufar et al 2014, Arora et al 2018, Hanin & Rolnick, 2019; Hein et al., 2019, XZDKJ20)



Implications

Neural network

1. Can only extrapolate 
linear functions     2. Training Data geometry



Shortest Path: 
(target) 
 
GNN: 
 
 
 
 
 
 
 
 

Implications for the full GNN

Need MLP to be nonlinear!

(Veličkovic et al 2020)

GNN II:

larger 
graphs

er
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Shortest Path: 
(target) 
 
GNN: 
 
 
 
 
 
 
 
 
Task-specific nonlinearities help extrapolation. 
Empirically reflected in many works 
(Trask et al 2018, Johnson et al 2017, Yi et al 2018,  
Mao et al 2019,Cranmer et al 2019,2020, Veličkovic et al 2020 …)

Implications for the full GNN

Need MLP to be nonlinear!

er
ro

r

larger 
graphs

(Veličkovic et al 2020)

GNN II:

er
ro

r



Encode nonlinearities in the …

… architecture … input representation

Exp log for learning multiplication 
(Trask et al 2018)

Library of  
programs 
(Johnson et al 2017,  
Yi et al 2018,  
Mao et al 2019, …)

Prior knowledge or representation learning

(figure of n-body system: Battaglia et al 2018)

Learning physics 
laws 
(Cranmer et al 2019,2020)

ALgorithms



Neural Network Losses from Set Function 
Extensions
N. Karalias, J. Robinson, A. Loukas, S. Jegelka. Neural set function extensions: learning with discrete 
functions in high dimensions. NeurIPS, 2022
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• use NN as “solver”, and objective function of the optimization problem as a loss


• What if the objective is a set function?  

• Continuous extension:


• Want that:


• f is continuous


•    

• Strategy:

Setup
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F (S), S ✓ [n]
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�! f : [0, 1]n ! R
<latexit sha1_base64="TQpCgUreZ5/YuFjbOFKrqSopRp4=">AAACBHicbVDLSgMxFL3js9bXqMtugkVwIWVGioqroiAuq9gHdGrJpGkbmskMSUYowyzc+CtuXCji1o9w59+YabvQ1gOBwzn3knuOH3GmtON8WwuLS8srq7m1/PrG5ta2vbNbV2EsCa2RkIey6WNFORO0ppnmtBlJigOf04Y/vMz8xgOVioXiTo8i2g5wX7AeI1gbqWMXrs6RlzhHrpfeC+TpEHkB1gPfT27Tjl10Ss4YaJ64U1KEKaod+8vrhiQOqNCEY6VarhPpdoKlZoTTNO/FikaYDHGftgwVOKCqnYxDpOjAKF3UC6V5QqOx+nsjwYFSo8A3k9mFatbLxP+8Vqx7Z+2EiSjWVJDJR72YI5M1awR1maRE85EhmEhmbkVkgCUm2vSWNyW4s5HnSf245J6UyjflYuViWkcOCrAPh+DCKVTgGqpQAwKP8Ayv8GY9WS/Wu/UxGV2wpjt78AfW5w/auJb+</latexit>

F : {0, 1}n ! R

<latexit sha1_base64="DcYInrxt7GMZYJZwT6gNxoEH2Dw=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaDdlRoq6EYqCuKzU1kI7lEyaaUMzD5KMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck+OG3EmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryTAWhDZJyEPRdrGknAW0qZjitB0Jin2X03t3dJX69w9USBYGd2ocUcfHg4B5jGClpZ554JW6PlZD10vsSa9RRhfoutQo98yiVbGmQIvEzkgRMtR75le3H5LYp4EiHEvZsa1IOQkWihFOJ4VuLGmEyQgPaEfTAPtUOsk0/wQda6WPvFDoFyg0VX9vJNiXcuy7ejLNKue9VPzP68TKO3cSFkSxogGZHfJijlSI0jJQnwlKFB9rgolgOisiQywwUbqygi7Bnv/yImmdVOzTSvW2WqxdZnXk4RCOoAQ2nEENbqAOTSDwCM/wCm/Gk/FivBsfs9Gcke3swx8Ynz9Kn5RX</latexit>

f(1S) = F (S)

<latexit sha1_base64="rdMJhHXlSnVkCeMwNqUM4YMHTe0="></latexit>

f(x) =
X

S✓[n]

px(S)F (S) Example: Lovász extension 
of submodular set functionmarginals:

<latexit sha1_base64="NQkTzT9iIpuhHkIbxHDW5JFNo8o=">AAAB+3icdVDLSgMxFM34rPVV69JNsAh1M2S0o+1CKbhxWdE+oB2GTJppQzOZIclIS+mvuHGhiFt/xJ1/Y/oQVPTAhcM593LvPUHCmdIIfVhLyyura+uZjezm1vbObm4v31BxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLia+s17KhWLxZ0eJdSLcE+wkBGsjeTn8ok/LDLYYQLeHsMLOPSZnysgG7kV10EQ2S5yKqdTUqmUS64LHRvNUAAL1Pzce6cbkzSiQhOOlWo7KNHeGEvNCKeTbCdVNMFkgHu0bajAEVXeeHb7BB4ZpQvDWJoSGs7U7xNjHCk1igLTGWHdV7+9qfiX1051WPbGTCSppoLMF4UphzqG0yBgl0lKNB8Zgolk5lZI+lhiok1cWRPC16fwf9I4sZ0z270pFaqXizgy4AAcgiJwwDmogmtQA3VAwBA8gCfwbE2sR+vFep23LlmLmX3wA9bbJxyTkzc=</latexit>

px(i 2 S) = xi



Guarantees

Proposition 
 
If                                                   with                                then:  

<latexit sha1_base64="rdMJhHXlSnVkCeMwNqUM4YMHTe0="></latexit>

f(x) =
X

S✓[n]

px(S)F (S)
<latexit sha1_base64="fNed8MUzvCRUp0DYb/7QZicWoYI=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRLxtRGKIrisaB+QhDCZTtqhM0mYmUhLyNaNv+LGhSJu/QN3/o2TtgttPXDhcM693HtPkDAqlWV9G6WFxaXllfJqZW19Y3PL3N5pyTgVmDRxzGLRCZAkjEakqahipJMIgnjASDsYXBV++4EISePoXo0S4nHUi2hIMVJa8k3ocqT6QZBd5352B11JOUz8Ye7YvvTgBRz6ZtWqWWPAeWJPSRVM0fDNL7cb45STSGGGpHRsK1FehoSimJG84qaSJAgPUI84mkaIE+ll409yeKCVLgxjoStScKz+nsgQl3LEA91Z3C1nvUL8z3NSFZ57GY2SVJEITxaFKYMqhkUssEsFwYqNNEFYUH0rxH0kEFY6vIoOwZ59eZ60jmr2ae3k9rhav5zGUQZ7YB8cAhucgTq4AQ3QBBg8gmfwCt6MJ+PFeDc+Jq0lYzqzC/7A+PwBaI+Zgg==</latexit>

ES⇠px [1s] = x

<latexit sha1_base64="PTA0w3i/FX0vGdX8O8p82w+Rgss=">AAACEnicbVDLSgMxFM34rPVVdekmWIR2U2bE10YoCuKyUvuAdiiZ9E4bmsmMSUZahn6DG3/FjQtF3Lpy59+YPhbaeuDCyTn3knuPF3GmtG1/WwuLS8srq6m19PrG5tZ2Zme3qsJYUqjQkIey7hEFnAmoaKY51CMJJPA41Lze1civPYBULBR3ehCBG5COYD6jRBuplck3AyZafezn+nl8gcevpIybKvYUaLjHDeEO8XWunG9lsnbBHgPPE2dKsmiKUivz1WyHNA5AaMqJUg3HjrSbEKkZ5TBMN2MFEaE90oGGoYIEoNxkfNIQHxqljf1QmhIaj9XfEwkJlBoEnukMiO6qWW8k/uc1Yu2fuwkTUaxB0MlHfsyxDvEoH9xmEqjmA0MIlczsimmXSEK1STFtQnBmT54n1aOCc1o4uT3OFi+ncaTQPjpAOeSgM1REN6iEKoiiR/SMXtGb9WS9WO/Wx6R1wZrO7KE/sD5/AHEunBQ=</latexit>

min
x

f(x) = min
S✓[n]

F (S)

<latexit sha1_base64="+aMZhMlhuIFonmveiT46iKehVpA="></latexit>

argmin
x

f(x) ✓ conv
�
arg min

1S :S✓[n]
f(S)

�



Extensions

<latexit sha1_base64="BKWRn6tTx3hxKfNp4Oa09TNsxoQ=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0VINyWRom6EoiAuK7UPaGKYTCft0MmDmYlQQn/Bjb/ixoUibt2582+ctFnU1gMDZ865l3vv8WJGhTTNH62wsrq2vlHcLG1t7+zu6fsHbRElHJMWjljEux4ShNGQtCSVjHRjTlDgMdLxRteZ33kkXNAovJfjmDgBGoTUpxhJJbm64Rt2gOTQ81Nr4jbh/OfBllFcgZfwxmhWXL1sVs0p4DKxclIGORqu/m33I5wEJJSYISF6lhlLJ0VcUszIpGQngsQIj9CA9BQNUUCEk04vmsATpfShH3H1Qgmn6nxHigIhxoGnKrOFxaKXif95vUT6F05KwziRJMSzQX7CoIxgFg/sU06wZGNFEOZU7QrxEHGEpQqxpEKwFk9eJu3TqnVWrd3VyvWrPI4iOALHwAAWOAd1cAsaoAUweAIv4A28a8/aq/ahfc5KC1recwj+QPv6BRI8m+E=</latexit>

f(1S1
>
S ) = F (S)

<latexit sha1_base64="oeeZWhjODJraWaJFLzH9bJodu40="></latexit> X

S,T✓[n]

pX(S, T )F (S \ T )
<latexit sha1_base64="/OZXAZlUJOfJIxj6FkdfAgpATBo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoRgl48RjAPSJYwO+lNhszOLjOzQgj5CC8eFPHq93jzb5wke9DEgoaiqpvuriARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mbz2h0jyWj2acoB/RgeQhZ9RYqRWW2+fkhvSKJbfizkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZnzslZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/QmXSWpQssWiMBXExGT2O+lzhcyIsSWUKW5vJWxIFWXGJlSwIXjLL6+S5kXFu6xUH6ql2m0WRx5O4BTK4MEV1OAe6tAABiN4hld4cxLnxXl3PhatOSebOYY/cD5/AG6ejlU=</latexit>

f(X) =
<latexit sha1_base64="R+ZzDZPmilGy/3jQ1bAv23bMdU0=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmkqMuiG5cV7QOaECbTSTt0MgkzE7GE/oobF4q49Ufc+TdO2i609cDA4Zx7uWdOmHKmtON8Wyura+sbm6Wt8vbO7t6+fVBpqySThLZIwhPZDbGinAna0kxz2k0lxXHIaScc3RR+55FKxRLxoMcp9WM8ECxiBGsjBXalizwmkBdjPQzD/H4SnAV21ak5U6Bl4s5JFeZoBvaX109IFlOhCcdK9Vwn1X6OpWaE00nZyxRNMRnhAe0ZKnBMlZ9Ps0/QiVH6KEqkeUKjqfp7I8exUuM4NJNFRrXoFeJ/Xi/T0ZWfM5FmmgoyOxRlHOkEFUWgPpOUaD42BBPJTFZEhlhiok1dZVOCu/jlZdI+r7kXtfpdvdq4ntdRgiM4hlNw4RIacAtNaAGBJ3iGV3izJtaL9W59zEZXrPnOIfyB9fkDDZOT0g==</latexit>

X 2 S+

<latexit sha1_base64="rdMJhHXlSnVkCeMwNqUM4YMHTe0="></latexit>

f(x) =
X

S✓[n]

px(S)F (S)
<latexit sha1_base64="jHIhK61+p/xeGRK1T2kc3yiAFtw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9IY9lsN+3SzSbsToRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVWr577gWPqlsquxV3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs3Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRtfBWKg0Q67YfFGUSYIJmf5OekJzhnJkCWVa2FsJG1BNGdqEijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NIDBEJ7hFd6c1Hlx3p2PeeuKk88cwR84nz84Ko7a</latexit>

[0, 1]n<latexit sha1_base64="tKwNKiQGQ+HK3Uv7RfHinPTq5hE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqp+YS7XOJeueJVvRnwMvFzUoEc9V75q9tXNI2ZtFQQYzq+l9ggI9pyKtik1E0NSwgdkQHrOCpJzEyQza6d4BOn9HGktCtp8Uz9PZGR2JhxHLrOmNihWfSm4n9eJ7XRVZBxmaSWSTpfFKUCW4Wnr+M+14xaMXaEUM3drZgOiSbUuoBKLgR/8eVl0jyr+hfV87vzSu06j6MIR3AMp+DDJdTgFurQAAoP8Ayv8IYUekHv6GPeWkD5zCH8Afr8AdlUjqo=</latexit>

x 2

<latexit sha1_base64="MY4n+BbJNcqcHGMvBr/GDxbTPFs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqx6MVjBfsh3bVk02wbmmSXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho5up336iSrNY3ptxQgOBB5JFjGBjpQc/c888f/Ioe+WKW3VnQMvEy0kFcjR65S+/H5NUUGkIx1p3PTcxQYaVYYTTSclPNU0wGeEB7VoqsaA6yGYHT9CJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66YmugoyJpPUUEnmi6KUIxOj6feozxQlho8twUQxeysiQ6wwMTajkg3BW3x5mbTOq95FtXZXq9Sv8ziKcATHcAoeXEIdbqEBTSAg4Ble4c1Rzovz7nzMWwtOPnMIf+B8/gAABo/m</latexit>

{0, 1}n
<latexit sha1_base64="BNOiD1UXGNPhkCXAjIcvIKN6Ybk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa96jLJOqVK37VnwEtkyAnFchR75W/un1FUkGlJRwb0wn8xIYZ1pYRTielbmpogskID2jHUYkFNWE2u3aCTpzSR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQCUXQrD48jJpnlWDi+r53Xmldp3HUYQjOIZTCOASanALdWgAgUd4hld485T34r17H/PWgpfPHMIfeJ8/oIeOhQ==</latexit>

S 2
<latexit sha1_base64="8xK2lEXj84g9cbQ1bV4gILKVmqA=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LgnisaD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777aysrq1vbBa2its7u3v7pYPDlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Cbz209UaRbJRzOJqS/wULKQEWwy6bbycNYvld2qOwNaJl5OypCj0S999QYRSQSVhnCsdddzY+OnWBlGOJ0We4mmMSZjPKRdSyUWVPvp7NYpOrXKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsIrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8RRtCN7iy8ukdV71Lqq1+1q5fp3HUYBjOIEKeHAJdbiDBjSBwAie4RXeHOG8OO/Ox7x1xclnjuAPnM8fBjSNlQ==</latexit>

F (S)

NN outputs…

<latexit sha1_base64="DcYInrxt7GMZYJZwT6gNxoEH2Dw=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaDdlRoq6EYqCuKzU1kI7lEyaaUMzD5KMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck+OG3EmlWV9G7ml5ZXVtfx6YWNza3vH3N1ryTAWhDZJyEPRdrGknAW0qZjitB0Jin2X03t3dJX69w9USBYGd2ocUcfHg4B5jGClpZ554JW6PlZD10vsSa9RRhfoutQo98yiVbGmQIvEzkgRMtR75le3H5LYp4EiHEvZsa1IOQkWihFOJ4VuLGmEyQgPaEfTAPtUOsk0/wQda6WPvFDoFyg0VX9vJNiXcuy7ejLNKue9VPzP68TKO3cSFkSxogGZHfJijlSI0jJQnwlKFB9rgolgOisiQywwUbqygi7Bnv/yImmdVOzTSvW2WqxdZnXk4RCOoAQ2nEENbqAOTSDwCM/wCm/Gk/FivBsfs9Gcke3swx8Ynz9Kn5RX</latexit>

f(1S) = F (S)

We want:



Derivation in a nutshell

• vector extension for                   :              solution to dual of “f is a convex 
envelope of F”: 
 

<latexit sha1_base64="jHIhK61+p/xeGRK1T2kc3yiAFtw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9IY9lsN+3SzSbsToRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVWr577gWPqlsquxV3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs3Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRtfBWKg0Q67YfFGUSYIJmf5OekJzhnJkCWVa2FsJG1BNGdqEijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NIDBEJ7hFd6c1Hlx3p2PeeuKk88cwR84nz84Ko7a</latexit>

[0, 1]n<latexit sha1_base64="tKwNKiQGQ+HK3Uv7RfHinPTq5hE=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3Hpk2XMl7O05YEJOB5BGnxDqp+YS7XOJeueJVvRnwMvFzUoEc9V75q9tXNI2ZtFQQYzq+l9ggI9pyKtik1E0NSwgdkQHrOCpJzEyQza6d4BOn9HGktCtp8Uz9PZGR2JhxHLrOmNihWfSm4n9eJ7XRVZBxmaSWSTpfFKUCW4Wnr+M+14xaMXaEUM3drZgOiSbUuoBKLgR/8eVl0jyr+hfV87vzSu06j6MIR3AMp+DDJdTgFurQAAoP8Ayv8IYUekHv6GPeWkD5zCH8Afr8AdlUjqo=</latexit>

x 2
<latexit sha1_base64="G7OczmyiYlj6QYSXVQs7cSSE12c=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxov2AdinZNNvGZpMlyYpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPi3oxj6kd4IFjICDZWasa9p/Ldaa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0g8ADP8ApvjnRenHfnY96ac7KZQ/gD5/MH2d+Oqg==</latexit>

px(S)

<latexit sha1_base64="ZtHZtZhV1h8h42GZPCk1WqTFcE4=">AAACMHicbVDNSgMxGMzWv1r/qh69BItQL2VXRD2KgnqsaFXoLks2/dqGJtk1yQpl2Ufy4qPoRUERrz6F2dqDWgcCk5lvSL6JEs60cd0XpzQ1PTM7V56vLCwuLa9UV9eudJwqCi0a81jdREQDZxJahhkON4kCIiIO19HguPCv70BpFstLM0wgEKQnWZdRYqwUVk99wWSY+dkwvMB+D26x6+dhZrlOIw3GCm0Z5HlxF5M6LmIn9YvtsFpzG+4IeJJ4Y1JDYzTD6qPfiWkqQBrKidZtz01MkBFlGOWQV/xUQ0LogPSgbakkAnSQjRbO8ZZVOrgbK3ukwSP1ZyIjQuuhiOykIKav/3qF+J/XTk33IMiYTFIDkn4/1E05NjEu2sMdpoAaPrSEUMXsXzHtE0WosR1XbAne35UnydVOw9tr7J7v1g6PxnWU0QbaRHXkoX10iM5QE7UQRffoCb2iN+fBeXbenY/v0ZIzzqyjX3A+vwBvbakr</latexit>

min
{yS�0}S✓[n]

X

S✓[n]

ySF (S) s.t. 
<latexit sha1_base64="fLYreVM9AknBHcSLN6EC7ZVi7RQ="></latexit> X

S✓[n]

yS1S = x,
X

S✓[n]

yS = 1

=> marginals
<latexit sha1_base64="NQkTzT9iIpuhHkIbxHDW5JFNo8o=">AAAB+3icdVDLSgMxFM34rPVV69JNsAh1M2S0o+1CKbhxWdE+oB2GTJppQzOZIclIS+mvuHGhiFt/xJ1/Y/oQVPTAhcM593LvPUHCmdIIfVhLyyura+uZjezm1vbObm4v31BxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLia+s17KhWLxZ0eJdSLcE+wkBGsjeTn8ok/LDLYYQLeHsMLOPSZnysgG7kV10EQ2S5yKqdTUqmUS64LHRvNUAAL1Pzce6cbkzSiQhOOlWo7KNHeGEvNCKeTbCdVNMFkgHu0bajAEVXeeHb7BB4ZpQvDWJoSGs7U7xNjHCk1igLTGWHdV7+9qfiX1051WPbGTCSppoLMF4UphzqG0yBgl0lKNB8Zgolk5lZI+lhiok1cWRPC16fwf9I4sZ0z270pFaqXizgy4AAcgiJwwDmogmtQA3VAwBA8gCfwbE2sR+vFep23LlmLmX3wA9bbJxyTkzc=</latexit>

px(i 2 S) = xi



Derivation in a nutshell

• vector extension for                   :              solution to dual of “f is a convex 
envelope of F”: 
 

• use SDP version of this 
 

• any valid vector extension leads to a valid matrix extension: Let 
<latexit sha1_base64="fSNKfNpRKEkNnZTpjjKE9E06bcU=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKkEVsCBVsDAWiT6kJkSO47RWbSeynUpV1JmFX2FhACFWvoCNv8FtM0DLka50dM49su8JU0aVdpxva2l5ZXVtvbRR3tza3tm19/ZbKskkJk2csER2QqQIo4I0NdWMdFJJEA8ZaYeDm4nfHhKpaCLu9SglPkc9QWOKkTZSYB914BX0VMYDCj1mchEybDibB08naWBXnKozBVwkbkEqoEAjsL+8KMEZJ0JjhpTquk6q/RxJTTEj47KXKZIiPEA90jVUIE6Un09PGcMTo0QwTqQZoeFU/Z3IEVdqxEOzyZHuq3lvIv7ndTMdX/o5FWmmicCzh+KMQZ3ASS8wopJgzUaGICyp+SvEfSQR1qa9sinBnT95kbTOqu55tXZXq9SvizpK4BAcg1PgggtQB7egAZoAg0fwDF7Bm/VkvVjv1sdsdckqMgfgD6zPH8l2mbo=</latexit>
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X
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>
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<latexit sha1_base64="jHIhK61+p/xeGRK1T2kc3yiAFtw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJJIUY9FLx4r2A9IY9lsN+3SzSbsToRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaZJMM95giUx0O6SGS6F4AwVK3k41p3EoeSsc3k791hPXRiTqAUcpD2LaVyISjKKVWr577gWPqlsquxV3BrJMvJyUIUe9W/rq9BKWxVwhk9QY33NTDMZUo2CST4qdzPCUsiHtc99SRWNugvHs3Ak5tUqPRIm2pZDM1N8TYxobM4pD2xlTHJhFbyr+5/kZRtfBWKg0Q67YfFGUSYIJmf5OekJzhnJkCWVa2FsJG1BNGdqEijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NIDBEJ7hFd6c1Hlx3p2PeeuKk88cwR84nz84Ko7a</latexit>
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x 2
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pX(S, T ) =
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�ipvi(S)pvi(T )
<latexit sha1_base64="oeeZWhjODJraWaJFLzH9bJodu40="></latexit> X
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pX(S, T )F (S \ T ) with
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min
{yS�0}S✓[n]

X

S✓[n]

ySF (S) s.t. 
<latexit sha1_base64="fLYreVM9AknBHcSLN6EC7ZVi7RQ="></latexit> X

S✓[n]
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X

S✓[n]
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Empirical results

ENZYMES PROTEINS IMDB-Bin MUTAG COLLAB
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
max clique

k-clique

REINFORCE
LOVASZ EXT
MATRIX LOVASZ

Ap
pr

ox
im

at
io

n 
ra

tio

S px = x



Other considerations: expressive power

• Distinguish most graphs, but not all 
(upper bounded by 1-dim. Weisfeiler-Leman algorithm / color refinement) 
(Xu-Hu-Leskovec-J 2019, Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 2019) 

• Without node identification: cannot compute structural properties like 
graph diameter, k-clique, conjoint cycle, subgraph counting, …  
(Garg-J-Jaakkola 2020, Chen-Chen-Villar-Bruna 2020) 

…



Other considerations: expressive power

• Distinguish most graphs, but not all 
(upper bounded by 1-dim. Weisfeiler-Leman algorithm / color refinement) 
(Xu-Hu-Leskovec-J 2019, Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 2019) 

• Without node identification: cannot compute structural properties like 
graph diameter, k-clique, conjoint cycle, subgraph counting, …  
(Garg-J-Jaakkola 2020, Chen-Chen-Villar-Bruna 2020) 

• Unique node IDs: equivalent to LOCAL model, Turing complete (if “large enough”) 
(Loukas 2020) or random node IDs (Abboud-Ceylan-Grohe-Lukasiewicz 2019) 



Other considerations: expressive power
• Message passing GNNs can, in general, not recognize structural motifs (cycles, etc) 

(Xu-Hu-Leskovec-J 2019, Morris-Ritzert-Fey-Hamilton-Lenssen-Rattan-Grohe 2019, Garg-J-Jaakkola 2020, Chen-Chen-
Villar-Bruna 2020)


• One solution: add “positional encodings” of nodes from Laplacian eigenvectors - 
provably increases expressive power (e.g., Lim-Robinson-Zhao-Smidt-Sra-Maron-J 2023)

NN: Graph Attention Network



GNNs for Learning for Combinatorial Optimization

• Active, recent area, but need to understand learned functions 

• To what examples will my models generalize? - understanding the data space 
metric from the GNN perspective


• What are important architectural choices? - understanding the model 
nonlinearities and alignment with algorithms 

• How to train the model? - choice of loss function 
higher-dimensional extensions of set functions tend to work better 

• Other aspects: expressive power, data, “shortcuts”,…


